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Three dimensional Geometry

IMPORTANT DEFINATIONS, FORMULAE AND METHODS

1. Direction cosines of a line
(i) Direction cosines of a line are the cosines of the angles made by the line X-
axis,
Y-axis and Z-axis.
(i1) Direction cosines of X-axis, Y-axis and Z-axis are respectively 1, 0, 0; 0, 1, 0
and 0,0, 1.
(iii) If 1, m, n are the direction cosiries o%a line, then l 2 +m*+n*=1.
2. Direction ratios of a line — | »
1) These'amrei the-numbers say a, b, ¢ which are pfolaor_tionql to the direction
cosiries o ‘
i, m,n i.e. i:ﬁ:ﬁ
a bc
a o =2/ = c
\/aerszrc2 , \/c12+l72+c2 , \/aerszrc2 : A

(iii) Let AB be a line joining ' A(x;, y;,%,) and B(%,,,,2,). Then the direction

(ii)‘ I=

ratios of the line AB-are X, —X,,y, —¥,,%,— 2 and its direction cosines are

HrX V=N L= %
|[AB| © |AB| " |4B|

. where |AB| :\/(x2 —x) (=) +(z,=7)"

(iv) The direction ratios of vector 7 = ai + bj + ckare a, b, c.
3. Angle between two lines V
() If l,,m,n; and [,,m,,n, are the direction cosines of two lines and € is the
angle" :
between them, then cos@ =/, + mm, +nn,.
(i) If a,,b,,¢, aﬁd' ay,b,, ¢, are the direction ratios of two lihes and @ is the angle

a,a, + bbbyt cc,

2 2 2 2 2 2
\/a1 +b +¢ \/a2 +b; +c;

between them, then cos@ =

(iii) For perpendicular lines, /[, +mm, +nn, =0
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(iv) For parallel lines, LI}
I, m, n,
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Three dimensional Geometry

4. Equation of a line passing through a given point and parallel to a given
vector

(i) The vector form of a line passing through a point A(a) and parallel to given
vector b is givenby ¥ =d +Ab , where A is a scalar.

(i) Cartesian equation of a line passing through A(Xx,, y,,z,) and having direction

) . X—X
ratios a, b, c is = =
a b c

5. Equation of a line passing through two given points
(i) The vector form.of ar iiﬁe pasrsin&hroughv two points A(G@) and B(b) is given
by e -
— F=d+Ab-a)
(i)~ Cartevs’ian equation of 'a line passing through points “ A(x,y,,z,)and

X W YV 2%, 9

e, — V1

-6. Angle between two lines (in vector form)

If 6 is an angle between 7 =g, +Ab, and # = d, + b, then

" 2

cosf =

|

R

7. Skew lines

(i) Two lines in a space which are neither parallel nor intersecting are called skew
lines. =
(ii) Angle between skew lines is the angle between two intersecting lines drawn
from‘ any point (preferably through the origin) parallel to each of the skew lines.

8. Shortest distance between two skew lines D

(i) Shortest distance between two skew lines is the perpendicular to both the lines.

(i1) The shortest distance between the skew lines 7 = g + 21_51 and 7 =d, + ,ul;2 is

SD. = |(51Xl;2)(‘_i2 —L_il)|
o 5,Xb,|

given by,
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Three dimensional Geometry

9. Condition for two given lines to intersect

L : P il -
Condition for two lines N YAl 2 380 4 and
al bl Cl

%X 'yz—yl Zh T2
(1) Intersectis | ' q, b, c =10
a, - A
X, = Yol 7 D%,
(ii) do not intersect is | a, b, e |~ @&
a, b, Ca
10. Equation of a plane in the nbi‘mal form
(1) In the vector form, equation of a plane which is at a distance ‘d’ from the origin
and ﬁ is a unit vector normal to the given plane, directed from the origin to the
plane, is '
F.n=d ;
(ii) Equation of a plahé which is at a distance‘d’ from the origin and 1, m , n are
the direction cosines of the normal to the plane is

Ix+my+nz=d
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(iii) The equation of a plane passing through a point A(d) and perpendicular to the

Sy

given vector 71 is givenby F.ii=d .
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11.

12.

Three dimensional Geometry

(iv) The equation of a plane passing through a point A(x,y,,z) and
perpendicular to the given line with direction ratios a, b, ¢ is given by
a(x—x,)+b(y—y,)+c(z—2)=0

General equation of a plane

General equation of a plane having a, b, ¢ as direction ratios of the normal to the
plane is ax+by+cz=d.

Method to reduce general form of equation to the normal form

Let the general equation of the plane is-ax +by +cz+d=0

= -ax—by—ez=d

Dividing both sides by /(—a)” +(=b)’ +(—c)’

—ax by & —CZ d

We get, —= + = i - .
Far \/az+b2+c2 \/aerszrc2 \/aerszrc2 \/az+bz+-c2

A Ix+my+nz=p

13.

14.

15.

Eqﬁation of a plane parallel toa given plane 3

(i) The equation of a plane parallel to the plane 7.7 =d is givén by ? ii=K ,
where the constant K is determined by-a given condition.

(ii) The equation of a plane parallel to the plane ax+by+cz+d =0 is given by
ax+by+cz+ K =0, where K is‘determined by a given condition.

Equation of a plane through the intersection of two planes

(1) Vector equation of a plane that passes through the intersection of two'planes
F.fi,=d, and F.7i,=d, given by F.(i+Ai,)=d, +Ad,, where A is any
parameter.

(ii) Cér-tesian equation of a plane that passes through the intersection 6f two planes
ax+by+ez+d, =0and Grieainbs- 67 +d; =0 is” given by
(ax+by+cz J-r‘-dl')'+,/lr(azx +by,y+¢,z+d)=0, where 4 i’s any parameter.
Equation of a plane passing through three given points

(i) The vector equation of a plane passing through three non collinear points

A(@), B(b) and C(©) is given by (F - 5).[(5 ~d) X @- a)] =0

(i1) Cartesian equation of a plane passing through three non collinear points
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16.

17

18.

Three dimensional Geometry

A(x,¥,,2,), B(x,,y,,2,) and C(x;,;5,23) is given by

X=X y—y i~
X=X Y=V 2,-%|=0

B4 V3N B4

Equation of a plane passing through a given point and parallel to two given
lines

(1) The vector equation of a plane passing through a given point A(a) and parallel
to the given vectors.b /and Cis (?—Q.(E X ¢) = 0}
(ii) Cartesian equation of a plane passing throﬁg}'i'a-givén point A(x,,y,,z,)and

parallel to two given lines having direction ratios b;,b,,b, and-¢;,c,,¢; is given by

. Angle between two planes :

(1) The angle between two given planes'is the angle between their normals.

(ii) In the vector form, if-@ is the angle between the two planes 7 .7, =d, and

|

b S

7.7, =d,, then cos@ = lﬁf
: _ 772,

(iii) In the Cartesian form, if @ “is the angle between the two  planes

=

ax+by+cz+d =0 and azrxﬁrbzerczerol2 =0 then

I Dt o3

2 2 2 2 2 2
\/a1 +b +c, \/a2 Bb R

cosf =

Angle between a line and a plane »
(1) The angle between a line and a plane is the complement of the angle between

the line and the normal to the plane.

(ii) In vector form, if @ is the angle between the line 7 =G+ b and the plane

|
|

¥ .n=d, then sind = —=
ol
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Three dimensional Geometry

(iii) In Cartesian form, if @ is the angle between the line i

and the plane a,x+b,y+c,z+d =0, then

a,a, +bb, +cc,

2. 2. 2. 2. 2. 2.
\/a1 +b +c, \/a2 +b; +c,

sin@ =

19. Coplanarity of two lines

(i) In vector form, two planes 7=a,+Ab and F=d,+ub, are coplanar if
(C_l’z—c_l’l).(l_)le_);):O‘ ae = o o

(i) In  Cartesian form, two panes “ax+by+cz+d =0 and

o Viands— T Yo
a,x+b,y+¢;z+d, =0are coplanarif -| a, b, Cuf=0
aZ b2 CZ
20. Coplanarity of two lines
(1) In vector forfn, two lines 7=a,+Ab -and 7=d,+ub, are coplanar if
(d,—d,).(b, X b,)=0..
e ele Y L5 and
al bl Cl

(ii))  In  Cartesian form,- two lines

Xo=X Yo7 L%
x = Z—% |
B _ 2 are coplanar if | a, b, ¢, =0
a2 b2 C2

a, b, e
21. Length of perpendicular frdm a point to a plane
(i) In vector form, length of perpendicular drawn point A(d) to the plane 7.7 =d
NS, (5]
A

(ii) In Cartesiah"form, the length of the perpendicular drawn from A(x,,y,,z,)to

is giveh by

ax1+by1+cz1+d|

\/a2 +b* +¢? |

the plane ax+by+cz+d =0 1s given by

22. Equation of a plane in the intercept form
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Equation of a plane that makes intercepts of lengths a, b, ¢ with the X-axis, Y-axis

and Z-axis respectively is given by an % N
a c
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